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Nonlinear Postbuckling Analysis of Plates and Shells by
Four-Noded Strain Element

George Z. Voyiadjis* and Guangyu Shit
Louisiana State University, Baton Rouge, Louisiana 70803

This paper deals with the nonlinear postbuckling analysis of plates and shells by the finite element method.
The four-noded C° strain element for nonlinear plate anaysis developed by the authors is first extended to the
nonlinear shell analysis and then used for the nonlinear postbuckling analysis of plates and shallow shells. The
element tangent stiffness matrix presented here is given explicitly, i.e., without any numerical integration.
Consequently, this C° strain element is much more computationally economical and efficient than the widely
used elements obtained from numerical integration. The efficiency and accuracy of the present four-noded strain
element for postbuckling analysis are demonstrated by five numerical examples of various plates and shells.
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transverse shear strains, and slopes of
an element

= unit base vectors of the element local
coordinates at configuration k

— unit base vectors of the nodal surface
coordinates at configuration k

- in-plane stress resultant matrix at
configuration k

= element internal nodal forces and
system unbalanced forces, respectively

= element tangent stiffness matrices in
element local and base coordinates,
respectively

= global tangent stiffness matrix and
global nodal displacement increments
of a system

= linear and nonlinear parts of Ke,
respectively

= stress couple, in-plane stress, and
transverse shear resultant vectors at
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= transformation matrix from E to kes
= transformation matrix from ke to kes
= transformation matrix from kqe to \qb
= element strain interpolation matrices

for bending, membrane strain,
transverse shearing, and slope field,
respectively

— transformation matrix of large rotations
= element bending strain parameters

A£/2i» A£/3/ = nodal displacement increments in global
coordinates

= nodal displacement increments in
element local coordinates

= element nodal displacement increments
in element local and base coordinates,
respectively

= nodal rotation increments in nodal base
coordinates

= nodal rotation increments in element
local coordinates

- element bending, membrane, transverse
shear strain, and slope fields,
respectively

= Poisson's ratio
= element domain

Introduction

T HE buckling behavior of plates and shells is quite dif-
ferent from that of columns. For a slender straight col-

umn subjected to gradually increasing compressive loads at
its ends, the column will become unstable and buckle when
the applied loads reach a certain value, i.e., the critical load.
The column, in general, will collapse completely when a slight
incremental load is applied beyond the critical load. However,
the load-carrying capability of plates and shells can be far
beyond the critical loads predicted by the stability analysis.
This can be demonstrated by the huge discrepancies between
results given by the classical stability theory of plates and
shells and the experimental observations. Von Karman and
Tsien1 first showed that such buckling behavior of plates and
shells is attributed to the highly unstable and nonlinear post-
buckling phenomena exhibited by thin structures. Therefore,
the nonlinear postbuckling analysis of plates and shells is very
useful if one wants to optimize the use of materials in plate
and shell structures. Because the rigorous solution of nonlin-
ear postbuckling is impossible in most cases, some approxi-
mate numerical methods have to be resorted to in the non-
linear postbuckling analysis.
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Because of the increased use of shells and plates in the
aerospace and nuclear industry, instability analysis of these
structures has become more and more important lately. With
the advent of the computers and the finite element technique,
the engineer's ability to solve complex structural problems
has been improved. Numerous finite element models for the
large displacement and postbuckling analysis of plates and
shells have been suggested (e.g., see Refs. 2-8, among others).
However, in most nonlinear finite elements, the element ma-
trices are evaluated through numerical integration. The im-
plementation of numerical integration is very time consuming.
Consequently, the elements employing numerical integration
are very computationally expensive in nonlinear analysis since
the element matrices have to be evaluated numerous times.

A simple four-node, with five degrees of freedom at each
node, assumed strain element was developed for plate bend-
ing nonlinear analysis by the authors.9 The element formu-
lation is based on the updated Lagrangian formulation, the
von Karman assumption, and the quasiconforming element
method (an assumed strain method).10 Unlike most nonlinear
plate elements in which the element matrices are obtained
from numerical integration, the element tangent stiffness ma-
trix presented in Ref. 9 is given explicitly. Because of the
explicit form of the tangent stiffness matrices, this nonlinear
element is extremely economical in the geometrically nonlin-
ear analysis of shear deformable plates. Furthermore, this
four-noded quadrilateral element can reduce to the corre-
sponding three-noded triangular element.

The objectives of this study are to extend this assumed
strain element to nonlinear shell analysis and then apply it to
the nonlinear postbuckling analysis of plates and shells. As
pointed out by Bathe and Dvorkin, "the extension of a plate
element to a general nonlinear shell element represents a
major step."7 The formulation of an explicit element tangent
stiffness matrix of the assumed strain plate element presented
by the authors9-11 is briefly introduced in the next section in
which the emphasis is on the evaluation of the initial surface
coordinates for large deformation analysis of shells. The post-
buckling analysis using this element is performed on a number
of structures and compared with the existing analytical/nu-
merical solutions where they are available. These numerical
examples demonstrate that the proposed nonlinear plate ele-
ment, in spite of its simplicity, is not only efficient but also
accurate.

Element Tangent Stiffness Matrix
The element considered here is the four-noded quadrilat-

eral strain element, and each node has five degrees of free-
dom, three translations, and two rotations. The element for-
mulation for the nonlinear analysis of plates was presented
in the authors' previous paper.9 This element is extended to
the nonlinear shell analysis in the present study. Some basic
equations will be presented here again for self-completeness.

Element Tangent Stiffness Matrix in the Element Local Coordinates
The von Karman assumptions and the updated Lagrangian

formulation are used here to derive the element tangent stiff-
ness matrix. In the finite element modeling of transverse shear
deformable plates using the generalized displacement method,
the incremental bending strains eb9 membrane strains em,
transverse shear strains es9 and slopes 6 of an element defined
in the element local coordinates take the forms

(1)

dx

dy

dx

dAv
dy

dAv
dy dx

(2)

(3)

(4)

where Aw denotes the increment of the generalized transverse
displacement across the plate thickness; A<fo. and A0V repre-
sent the increments of generalized rotations of cross sections
of the plate. By using the principle of virtual work, the ele-
ment tangent stiffness matrix in the element local coordinates
(x, y) at configuration k, Ke takes the form6-9

Ke = KL (5)

with

KL = I (BT
bDBb + BT

m SBm + BJ TBS) dx dy (6)Ja

ff = I G kFG dx dy (7)Jn

kF = (8)

The left superscript k always represents configuration k and
the right superscript T denotes the transpose of matrix in this
study. As shown in Eq. (7), K^ is associated with the in-plane
stress resultants. Ka takes into account the geometric nonlin-
earity including the postbuckling behavior of a structure.

In the authors' previous work,9 the element strain-displace-
ment matrices Bb,Bm, and/?5 as well as the slope-displacement
matrix G are evaluated by the quasiconforming element
method.10 The starting point in the formulation of a quasi-
conforming element is to interpolate element strain fields in
terms of the undetermined strain parameters, which are the
element local quantities. For example, the bending strains eb
defined in Eq. (1) can be approximated as

eh « Phah (9)

If one lets Wb be the test functions, then the weak form of
Eqs. (1) and (9) may be written as

Wb (eb - Pbab) dft = 0 (10)

in which H signifies the domain of the element under consid-
eration. In order to have a symmetric stiffness matrix, the
test functions can be taken as Wb = Pb. By carrying out the
integration, this equation leads to

Ahah = or ab = (11)
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with

= Jn Pleb dn (12)

where Ab is a symmetric and nonsingular matrix. Substituting
for ab in Eq. (9) from Eqs. (11), then Eqs. (1) and (9) give

Similarly, one has

Bm = PmA

G =

(13)

(14)

(15)

(16)

Equations (9-16) indicate that the element strain fields in
quasiconforming elements are obtained from integration in-
stead of differentiation used in the conventional assumed dis-
placement elements. For the four-noded quadrilateral ele-
ment considered here, the following strain interpolation matrices
are employed,

(17)

(18)

(19)
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where Ab9 Cb, Am, Cm, AS9 and Cs can be found in the authors'
earlier paper,11 and Ae and C0 were presented in Ref. 9. All
of these matrices are given explicitly.

Substituting Eqs. (13-16) into Eqs. (6) and (7) gives

KL = PlDPbdxdyAb
lCb

SPm Ax dy

+ CT
SA - ' PI TPS dxdyA- 'C,

~e
l I

Jn
PI kFPe dx dy A ; 'C,

(21)

(22)

in which Bb, Bm, and Bs are defined in Eqs. (13-15), respec-
tively; *M, kN, and kQ take the form

kM = kM kN = (24)

Corresponding to the strain interpolation functions given in
Eqs. (17-19), a bilinear field for *M and kN and a constant
function for kQ are employed here. Similar to Eqs. (21) and
(22), the integrals in Eq. (23) can also be carried out explicitly.

Initial Surface Coordinates for Large Deformation Analysis of Shells
A surface coordinate system associated with each nodal

point6 is adopted in the authors' previous work in order to
efficiently define the global rotational degrees of freedom.
After deformation, say from configuration k — 1 to A:, there
will be three rotational components (0l9 02, 03) at a nodal
point, and the nodal surface coordinates at node /will undergo
a finite rigid-body rotation with components (0l5 02, 03),. In
the authors' previous work, the initial surface coordinates for
a flat plate takes the form of a 3 x 3 identity matrix. The
initial surface coordinates for shells will be presented here.

If one lets E be the unit base vectors of the fixed global
coordinates and ke and kes the unit base vectors of the element
local coordinates and the nodal surface coordinates at con-
figuration k, respectively, then the relations between ke and
E'as well as between ke< and E take the form

ke = kRE (25)

(26)

kR can be determined easily by the nodal coordinates of the
element under consideration. The determination of kRs will
be presented below. It should be noted that ke is associated
with a finite element and updates with the changes of the
element nodal coordinates, whereas kes is related to a nodal
point and rotates rigidly with the deformations of the nodal
point. The transformation from k~les to kes at node / can be
written as

— T— * 8i
lf, — Tesi ~ * 8i (27)

in which Tei is the transformation matrix of large rotations at
node / and is of the form12

with

0, =

Tdi =

emnkek

(m, n,k = l, 2, 3) at node /

(28)

(29)

where the symmetry of Ab, Am, As, and Ae is used. The in-
tegrals in Eqs. (21) and (22) can be carried out explicitly since
the integrands are merely simple polynomials. Consequently,
the element tangent stiffness matrix can be obtained explicitly,
i.e., without any numerical integration. Compared with the
nonlinear elements obtained through numerical integration,
the explicit form of the element tangent stiffness matrix pre-
sented here makes the resulting element very computationally
economical.

The element nodal force vector evaluated in the element
local coordinates at configuration k is given by

fe = (Bl kM + *£ W + Bl kQ) dx dy (23)

where emnk is the permutation tensor. For the initial surface
coordinates °es = {°esl, °es2, °es3} at a nodal point of a shell,
°es3 is chosen to coincide with the outward normal of the
undeformed shell surface at the point, and °esl and °es2 are
defined as

00 _

\E2

°/>̂
5 I

(30)

(31)

where E2 is the second component of the unit base vectors E
of the fixed global coordinates, and the symbol x denotes
the cross product. Equations (27) and (25) yield the trans-
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formation between kes and ke at node / of an element as
kesi = kRs

 kRT ke = kS ke (32)

with

with

*s = kR7 (33)

It may be noted that *S is not only associated with a nodal
point but also dependent on the element under consideration.

Transformation of Element Stiffness Matrix
In the present study, each node has five degrees of freedom,

i.e., three translations and two rotations. At node / of an
element, the degrees of freedom defined in the element local
coordinates are the incremental translations AM£-, Av/? as well
as Aw, in the directions of kel, ke^ and ke3 under consideration
and two incremental rotations A^, and A^, about - ke2 and
kel. The global degrees of freedom at the same node are the
incremental translations A£/lf-, At/2/, and At/3/ measured in the
directions of the fixed global coordinates E-t (j = 1, 2, 3) as
well as rotations A05l/ and A^- about —kes2. and kesl of the
surface coordinate system kes at the nodal point. This special
combination of the element local coordinates with the nodal
surface coordinates is called the base coordinates.6 The trans-
formation of the incremental displacement parameters at node
i from an element local coordinates kqei to the corresponding
base coordinates &qbi takes the form

A(73/.
kRT

0

Aw,
Av7-
Aw,- = kThAqei (34)

in which ksf is the upper left 2 x 2 submatrix of matrix kS
at node / as defined in Eq. (33) but with a different sequence.
Consequently, the global displacement vector kqb and the
local displacement vector &qe for an element have the follow-
ing relationship

= kTbkqe (35)

form

0

(36)

By using Eq. (35), the element tangent stiffness matrix
evaluated in the element coordinates Ke given by Eqs. (5-7)
can be transformed into the one corresponding to the base
coordinates Kb as

Kb = kTbKe
 kTT

b (37)

Similarly, the element internal nodal force vector fb in the
base coordinates is given by

L = kTJe

Solution Algorithm

(38)

System Equations
Following the common assembling procedure, one obtains

the nodal equilibrium equations of a system for configuration
k + 1 as

(40)

(41)

whereKg, A^, andFunb are, respectively, the assembled global
stiffness matrix, the nodal displacement increment vector, and
the unbalanced force vector of the system; AP is the load
increment vector from configurations k to k + 1; and kP is
the total load vector up to configuration k. The unbalanced
forces Funb given in Eq. (41) result from the geometric non-
linearity of the system.

Solution Algorithm
The Newtori-Raphson method is adopted in this work to

solve the incremental system equations given in Eq. (39) in
which the unbalanced forces are resolved by the iteration.
The load increments AP are determined by the arc length
method.13-15 It was shown (see Refs. 16, 17, and others) that
the arc length method is really a very suitable and efficient
approach to deal with snap through and other postbuckling
problems. The convergence criterion used here is of the form

(42)

in which \&qg\ denotes the norm of the displacement incre-
ments obtained in the latest iteration, |A#g| represents the
norm of the total displacement increments obtained during
the current increment, and eto, is a prescribed value of error
tolerance. The value of etol = 0.0001 is used here.

Numerical Examples
The postbuckling analysis of a number of structures is pre-

sented in this section. All of the shapes of the elements used
in this section, e.g., rectangular, quadrilateral, and triangular,
are the variations of the four-noded quadrilateral strain ele-

100
HORIZONTAL REACTION, R
200 300 400 500 600 700

= AP (39)

0.2 0.3 0.4 0.5 0.6 0.7
CENTER DEFLECTION , W

Fig. 1 Load-deflection and load-reaction curves of Williams' toggle.
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ment developed by the authors.9 The numerical solutions ob-
tained by the present element are compared with the existing
analytical/numerical solutions where they are available.

Example 1; Williams' Toggle Frame
Williams' toggle is schematically shown in Fig. 1, together

with the material properties and the load condition (the units
used there are in./lb in order to compare the present results
with others directly). The toggle under the central load ex-
hibits snap-through behavior. Four rectangular elements are
used for the discretization of a half-span of the toggle. The
curves of the central deflection and horizontal reaction at the
fixed end vs the applied load are depicted in Fig. 1. The
numerical solutions given by Wood and Zienkiewicz5 as well
as Kondoh and Atluri17 are also plotted here for comparison.
It may be noted that present results agree well with the ref-
erenced solutions.

Example 2: Simply Supported Circular Plate Subjected to
Edge Pressure

A thin, simply supported circular plate subjected to a uni-
form comprehensive normal stress along the edge is concerned
in this example. The geometry and material properties of the
circular plate are given in Fig. 2. The criticaledge pressure
is tfcrit = 4.24 D/K2h™ where £>, R, and h are the bending
rigidity, radius, and thickness of the circular plate, respec-
tively. However, the load-carrying capability of this plate is
far beyond the critical load. The buckling pattern of the cir-
cular plate is symmetric about the plate center.1® Therefore,
only one-quarter of the plate is considered here. Twelve quad-
rilateral elements are used, as illustrated in Fig. 2. A lateral
disturbance force P = lirRhq/lQQQ is introduced. The de-
flection at the center and the slope at the edge against the
load parameter A = qlqcril beyond the critical load are plotted
in Fig. 2. The parameter y used in the load-deflection curve
is defined as y = lVl2(l — v1). It can be observed that the
present numerical results have a good agreement with the
analytical solutions given by Friedrichs and Stoker.18 The slight
difference for the load-slope curve when A is close to 1 results
from the fact that a lateral disturbance load is used in the
present numerical analysis.

Example 3: Rectangular Plate Subjected to In-Plane Load
This example concerns the postbuckling analysis of a simply

supported rectangular plate subjected to a uniaxial compres-

Present FE. Results
Analytical Solutions

sion along the shorter edges. The in-plane displacements of
the simply supported plate are constrained in such a way that
the longitudinal edges can move freely in the tangential di-
rection, but are completely restrained in the normal direction.
The geometric and material data of the plate are shown in
Fig. 3. These data are the same as those used by Allman.19

In Allman's paper, each transverse end of the plate is assumed
to be compressed by a force applied through a rigid end block.
Under the given boundary and loading conditions, this rec-
tangular plate will have a symmetric buckling mode.19 Con-
sequently, only one-quarter of the plate needs to be analyzed.

The rectangular plate undergoes single buckle in the trans-
verse direction. However, it can have a higher buckling mode
in the longitudinal direction when the load is large enough.
To account for the higher buckling mode more accurately,
2 x 3 and 2 x 6 meshes are considered. The 2 x 3 mesh is
illustrated in Fig. 3. The computational model is also depicted
in Fig. 3 together with a small lateral disturbance force applied
at the plate center. The present results for the average dis-
placement U in the longitudinal direction vs the in-plane load
P is graphically shown in Fig. 3 where U and P are defined,
respectively, as

(43b)P = bq

The deflections along the central longitudinal line of the plate
corresponding to various load values obtained by a 2 x 6
mesh are illustrated in Fig. 4. Figure 4 shows that the plate
undergoes buckling from one buckle to three buckles when
the load reaches certain a value. Figure 3 indicates that the
plate can be in equilibrium in more than one buckle pattern
in certain load regions. Figures 3 and 4 also show that the
stiffness of the plate becomes negative when the central de-
flection crosses its initial equilibrium configuration after the
large deflection. Allman's results19 also showed that the plate
can be in equilibrium in more than one buckling mode. How-
ever, the local drops vertically at the limit point of the U-P
curve there. Such vertical drop makes the slop of the curve
become infinite at the corresponding point.

Example 4: Hinged Cylindrical Shell Under a Central Load
The geometry and material properties of the circular cylin-

drical shell under consideration are shown in Fig. 5. The shell
is subjected to a concentrated central load on the convex side,
as depicted in Fig. 5. The longitudinal edges of the shell are
hinged and immovable, whereas the curved edges are com-
pletely free. Only one-quarter of the shell is analyzed here
because of the symmetry, and a 4 x 4 mesh is used for it.
Both triangular and quadrilateral elements are used in this
example. The present results of the central deflection vs the

Fig. 2 Central deflection and edge slope curves beyond the critical load
for a simply supported circular plate subjected to edge compression. Fig. 3 Rectangular plate under in-plane pressure.
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Fig. 4 Deflections along central longitudinal line of rectangular plate
under in-plane pressure.
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Fig. 6 Central deflection of hinged cylindrical shell.

A

R = 2540mm
I = 254 mm
h = 12.7mm
G = O.I rod
E = 3.10275 kN/mm2

Fig. 5 Geometry, material properties, and element layout of hinged
cylindrical shell.

applied central load are plotted in Fig. 6, and the numerical
solution obtained by Horrigmore and Bergan6 are also shown
for comparison. The present result obtained from the flat
three-noded triangular elements agrees very well with the
solution given by Horrigmore and Bergan,6 whereas the result
given by the flat rectangular elements is little bit stiffer. The
different performances of the present triangular and rectan-
gular elements can be attributed to the fact that the three-
noded triangular elements are able to represent the deformed
geometry of the shell more accurately than the four-noded
quadrilateral elements do.

Yang and Saigal20 solved the same problem using a higher
order curved shell element (48 degrees of freedom) and a 2 x
2 mesh for a quarter of the shell. Even though less elements
are used in Yang and Saigal's solution, more nodal degrees
of freedom are used there compared with the finite elements
used here. The simple flat-plate elements used in Ref. 6 and
in the present study give the results with the same accuracy
as the Yang and Saigal's higher order curved element. This
indicates that the lower order plate elements are really quite
competitive with the higher order shell elements in nonlinear
shell analysis.

70

60

50

o<o

30

o 20

10

Present Result
Horrigmore S Bergan C63

R = 2540mm
a = 784.9 mm
h = 99.45 mm
E= 68.95 N/mm2

u = 0.3

50 100 150 200 250 300

CENTRAL DEFLECTION , We (mm )

Fig. 7 Hinged spherical shell with a central load.

Example 5: Spherical Shell Subjected to Central Load
Figure 7 shows a spherical shell subjected to a concentrated

load at the crown. All of the edges of the shell are hinged
and immovable. A 5 x 5 mesh of triangular elements is used
for one-quarter of the spherical shell. The resulting load-
deflection curve at the crown, which is obtained by 16 incre-
ments, is depicted in Fig. 7 together with the result obtained
by Horrigmore and Bergan6 in which 29 increments are used.
As indicated in Fig. 7, the present result agrees well with
Horrigmore and Bergan's numerical solution, which was quoted
close to the shallow shell series solution analysis obtained by
Leicester.21 This example is also studied by Bathe and Ho22

using flat three-node triangular elements and an identical mesh
with the one used here. Bathe and Ho22 obtained similar
results, but the maximum central displacement Wc = 298.35
mm was obtained using 19 load increments.23
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Summary and Conclusions
The four-noded quadrilateral strain element developed by

the authors is extended here to the nonlinear shell analysis.
The von Karman assumptions and the updated Lagrangian
formulation are used to derive the element tangent stiffness
matrix. The transformation matrix of large rotations proposed
by Argyris is adopted to account for the large rigid rotations.
By using the quasiconforming element method, the element
tangent stiffness matrix is given explicitly. In contrast to most
finite elements obtained from numerical integration, the ex-
plicit form of the element stiffness matrix forms the most
salient feature of the nonlinear element presented here. Since
the element tangent stiffness matrices have to be evaluated
numerous times in a nonlinear analysis, the explicit tangent
stiffness matrix makes the results element much more com-
putationally economical than those elements involving nu-
merical integration in the nonlinear analysis of plates and
shells.

The nonlinear postbuckling analysis of a number of struc-
tures is presented and compared with the existing analytical/
numerical solutions of other works. The numerical examples
show that the four-noded strain element presented here is not
only simple and computationally efficient but also accurate.
It renders that the nonlinear plate element with the explicit
tangent stiffness matrices presented here is quite useful in the
aerospace and nuclear industry where the nonlinear analysis
of plates and shells is paramount.
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